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Abstract
We consider the weighted parabolic problem of the type

ut − div(ω2(x)|∇u|
p−2∇u) = λω1(x)|u|
p−2u, x ∈ Ω,
u(x, 0) = f(x), x ∈ Ω,
u(x, t) = 0, x ∈ ∂Ω, t > 0,
for quite a general class of possibly unbounded weights ω1, ω2 satis-
fying the Hardy-type inequality. We prove existence of a global weak
solution in the weighted Sobolev spaces provided that λ > 0 is smaller
than the optimal constant in the inequality.
The domain is assumed to be bounded or quasibounded. The
obtained solution is proven to belong to
Lp(R+;W
1,p
(ω1,ω2),0
(Ω)) ∩ L∞(R+;L
2(Ω)).
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1 Introduction
It is already classical to involve the p–Laplace operator
∆pu = div(|∇u|
p−2∇u)
in modelling of various processes of diffusion-type (also interpreted in life
or social sciences). We consider the weighted operator called here ω–p–
Laplacian, which is defined as
∆ωpu = div(ω(x)|∇u|
p−2∇u) (1)
with a certain weight function ω : Ω → R. The meaning of replacing ∆p by
∆ωp would describe space non-homogeneity of the process.
Our aim is to provide clear, self-contained theory of existence for nonlinear
parabolic equations of the type
ut −∆
ω2
p u = λω1(x)|u|
p−2u in ΩT (2)
where p > 2, weight functions ω1, ω2 ≥ 0 are possibly unbounded, Ω ⊆ R
N
is a bounded open set, ΩT = [0, T ) × Ω, T > 0. We develop the previ-
ous results [24] by allowing ω1 to be unbounded, which entails challenges
in functional analysis of the two-weighted Sobolev spaces W 1,p(ω1,ω2)(Ω). See
Section 2.2 for the definition and comments on the functional setting.
We impose the restrictions on the weights in order to control the structure
of the two–weighted Sobolev spaces, as well as to ensure monotonicity of the
leading part of the operator. Namely, we assume
(W1) ω1, ω2 : Ω→ R+ ∪ {0} and ω1, ω2 ∈ L
1
loc(Ω);
(W2) ω
− 2
p−2
1 ∈ L
1(Ω);
(W3) for any U ⊂⊂ Ω there exists a constant ω2(x) ≥ cU > 0 in U ;
(W4) (ω1, ω2) is a pair of weights in Hardy inequality
K
∫
Ω
|ξ|pω1(x) dx 6
∫
Ω
|∇ξ|pω2(x) dx; (3)
Furthermore, assume that there exists s > p such that
2
(W5) for any U ⊂⊂ Ω we have a compact embedding
W
1,p
(ω1,ω2),0
(U) ⊂⊂ Lsω1(U);
(W6) there exists q ∈ (p, s), such that
ω
− q
s−q
1 ∈ L
1
loc(Ω) and ω
q
q−p
2 ∈ L
1
loc(Ω).
Our main result is the following theorem.
Theorem 1. Let p > 2, Ω ⊆ RN be an open subset, not necessarily bounded,
and f ∈ L2(Ω). Assume that ω1, ω2 satisfy conditions (W1)–(W6).
Then there exists λ0 = λ0(p,N, ω1, ω2) > 0 such that for all λ ∈ (0, λ0)
and for arbitrary T > 0, the parabolic problem

ut −∆
ω2
p u = λω1(x)|u|
p−2u x ∈ ΩT ,
u(x, 0) = f(x) x ∈ Ω,
u(x, t) = 0 x ∈ ∂Ω, t > 0,
(4)
has a weak solution
u ∈ Lp(0, T ;W 1,p(ω1,ω2),0(Ω)), such that ut ∈ L
p′(0, T ;W−1,p
′
(ω′1,ω
′
2)
(Ω)),
i.e. ∫
ΩT
(
utξ + ω2|∇u|
p−2∇u∇ξ − λω1|u|
p−2uξ
)
dx dt = 0,
holds for each ξ ∈ Lp(0, T ;W 1,p(ω1,ω2),0(Ω)).
Moreover, u ∈ Lp(R+;W
1,p
(ω1,ω2),0
(Ω)) ∩ L∞(R+;L
2(Ω)).
Remark 1.1. In fact, the proof of the above theorem implies the existence
to 

ut −∆
ω2
p u = λW (x)|u|
p−2u x ∈ ΩT ,
u(x, 0) = f(x) x ∈ Ω,
u(x, t) = 0 x ∈ ∂Ω, t > 0,
with any W (x) ≤ ω1(x) without the assumption ||W ||L∞(ΩT ) < ∞, which
extends the approach of [24].
We present examples of weights satisfying the assumptions (W1)-(W6).
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Remark 1.2 (Examples of admissible weights). Denote d(x) = dist(x, ∂Ω).
We call a domain Ω quasibounded if
lim
|x|→∞, x∈Ω
d(x) = 0.
Suppose Ω ⊂ RN , 1 ≤ p ≤ q < ∞, N > 1, N
q
− N
p
+ 1 > 0. The conditions
(W1)-(W6) are satisfied by the following types of weights:
i) ω1(x) = |x|
−p, ω2(x) ≡ 1 on Ω being a bounded Lipschitz domain. This
example relates to the result of [18];
ii) ω1(x) = d
β−p(x), ω2(x) = d
β(x), with β < p −N , on Ω being bounded
or quasibounded;
iii) ω1(x) = d
β−p(x) | log d(x)|δ, ω2(x) = δ
β(x) | log d(x)|δ, close to the
boundary (when d(x) ≤ 1
2
) and ω1 = ω2 = const when d(x) >
1
2
,
with β < p−N < 0, δ > 0 on Ω being bounded or quasibounded.
We stress that in the cases ii) and iii) the domain can be unbounded as well.
State of art. The existence of solutions to problems
ut − divA(x, t, u,∇u) = f,
where the involved operator is monotone and has p–growth, is very well
understood, e.g. [6, 7, 8]. Nonetheless, this research concerns the case, when
the right–hand side does not depend on the solution itself. Various physical
models (combustion models) involve semilinear parabolic problems of the
form
ut −∆u = f(u).
Fujita’s Theory, developed since 1960s, analyses the possible singularities
of solutions. There are known examples of problems, where solutions explode
(blow-up) to infinity in finite time. More recent research in that directions
was carried out by Giga and Kohn.
In [25] Vazquez and Zuazua, generalizing the seminal paper by Baras and
Goldstein [3], describe the asymptotic behaviour of the heat equation that
reads
ut = ∆u+ V (x)u and ∆u+ V (x)u+ µu = 0,
4
where V (x) is an inverse–square potential.
The inspiration of our research was the paper of Garc´ıa Azorero and Peral
Alonso [18], who obtain the existence of weak solutions to the corresponding
parabolic problem
ut −∆pu =
λ
|x|p
|u|p−2u
on a bounded domain Ω. The topic was developed by Dall’Aglio, Giachetti,
and Peral [?] concern analysis of solutions to the problem of the form
ut − div
(
|∇u|p−2∇u
|x|pγ
)
=
λ|u|p−2u
|x|(γ+1)p
considered on a bounded domain Ω. For further closely related results we
refer to [?, ?, ?, ?], as for the weighted fast diffusion equation to [11, 12].
Another approach that is influential for us comes from [2] by Anh and Ke.
The initial boundary value problem for a class of quasilinear parabolic equa-
tions considered therein involves, as in our case (2), the weighted p-Laplace
operator and reads
ut − div(σ(x)|∇u|
p−2∇u) = λ|u|p−2u− f(x, u),
where f is a function of power-type growth with respect to the second variable
perturbed additively by integrable dependence on the first variable.
Although there exist vast literature on existence to parabolic problems, it
seems particularly hard to find a proper comprehensive reference to studies
on problems in the weighted setting except the case of power-type weights.
Our approach. We analyse nonlinear problems of the type (2) in the two-
weighted spaces, where the involved weights are general. In Preliminaries
we explain in detail notation, properties of the weighted setting, as well
as the role of each of assumptions (W1)-(W6). For this moment let us only
mention few key objectives. Our major difficulties result from involving more
advanced setting than the classical one investigated in [2, ?, 18]. Due to
presence of general class of weights both in the leading part of the operator
and on the right-hand side of (2), we employ the two-weighted Sobolev spaces
W
1,p
(ω1,ω2)
(Ω). Since the weights are different, integration by parts can be non-
admissible and the structure of the dual space complicates. Indeed, in the
case of the weighted Lebesgue spaces we observe that (Lpω(Ω))
∗ 6= Lp
′
ω (Ω).
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We shall stress that unbounded domains are admissible, if only (W5) holds.
Remark 1.2 provides examples of such domains.
Let us concisely summarize the main ideas of the proof. In order to con-
struct a weak solution to (4) we first consider a sequence of problems with
truncated weights on the right-hand side, to which the solutions exist due
to [24, Theorem 3.1]. Then we pass to the limit with the level of truncation
using the auxiliary compactness results inspired by the results introduced in
the non-weighted p-Laplacian case by [8, 9].
The paper is organised as follows. Section 2 provides disscusion on prop-
erties of the two-weighted Sobolev spaces and assumptions on the admissible
weights. Auxiliary compactness results are presented in Section 3, whereas
in Section 4 the proof of Theorem 1 is given. In the end we attach Appendix
providing the required classical tools.
2 Preliminaries
2.1 Notation
In the sequel we assume that p > 2, 1
p
+ 1
p′
= 1, Ω ⊂ RN is an open subset
not necessarily bounded. For T > 0 we denote ΩT = Ω × (0, T ). By 〈f, g〉
we denote the standard scalar product in L2(Ω).
Let B(r) ⊂ RN denote the ball with the radius r, whose center shall be
clear from the context. Then |B(r)| is its Lebesgue’s measure, while ω(B(r))
its ω-measure, i.e. ω(B(r)) =
∫
B(r)
ω(x) dx.
We use truncations Tk(f)(x) defined as follows
Tk(f)(x) =
{
f |f | ≤ k;
k f
|f |
|f | ≥ k.
. (5)
2.2 Weighted Lebesgue and Sobolev spaces
Suppose ω is a positive, Borel measurable, real function defined on an open
set Ω ⊂ RN . Let
ω′ = ω−1/(p−1). (6)
Definition 2.1 (Bp–condition, [20]). We say that ω satisfies the Bp–
condition on Ω (ω ∈ Bp(Ω)), if
ω′ ∈ L1loc(Ω). (7)
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Note that any ω ∈ L1loc(Ω), which is strictly positive inside Ω satisifes Bp
condition on Ω.
Remark 2.1. When 1 < p < ∞ and ω ∈ Bp, we have L
p
ω,loc(Ω) ⊆ L
1
loc(Ω),
see [20]. Moreover, for any ω ∈ L1loc(Ω) and s > p we have
Lsω,loc(Ω) ⊂ L
p
ω,loc(Ω). (8)
If ∇ denotes distributional gradient, we denote
W
1,p
(ω1,ω2)
(Ω) :=
{
f ∈ Lpω1(Ω) : ∇f ∈ (L
p
ω2(Ω))
N
}
(9)
with the norm
‖f‖W 1,p
(ω1,ω2)
(Ω) : = ‖f‖Lpω1(Ω) + ‖∇f‖(L
p
ω2
(Ω))N
=
(∫
Ω
|f |pω1(x)dx
) 1
p
+
(∫
Ω
N∑
i=1
∣∣∣∣ ∂f∂xi
∣∣∣∣
p
ω2(x)dx
) 1
p
.
Under Bp-condition, the weighted Sobolev space has the basic properties.
Fact 2.1 (e.g. [20]). If p > 1, Ω ⊂ RN is an open set, ω1, ω2 satisfy Bp–
condition (7), then
(i) W 1,p(ω1,ω2)(Ω) defined by (9) equipped with the norm ‖·‖W 1,p(ω1,ω2)(Ω)
is a Ba-
nach space;
(ii) Lip0(Ω) = C
∞
0 (Ω) = W
1,p
(ω1,ω2),0
(Ω), where the closure is in the norm
‖ · ‖W 1,p
(ω1,ω2)
(Ω);
(iii) if ω1, ω2 are a pair in the Hardy-Poincare´ inequality of the form (3), we
may consider the Sobolev space W 1,p(ω1,ω2),0(Ω) equipped with the norm
‖f‖W 1,p
(ω1,ω2),0
(Ω) = ‖∇f‖Lpω2(Ω).
Fact 2.2. Operator ∆ω2p , given by (1), is hemicontinuous, i.e. for all u, v, w ∈
W
1,p
(ω1,ω2),0
(Ω) the mapping λ 7→ 〈∆ω2p (u+ λv), w〉 is continuous from R to R.
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We look for solutions in the space Lp(0, T ;W 1,p(ω1,ω2)(Ω)), i.e.
Lp(0, T ;W 1,p(ω1,ω2)(Ω)) =
{
f ∈ Lp(0, T ;Lpω1(Ω)) : ∇f ∈ (L
p(0, T ;Lpω2(Ω)))
N
}
,
where ∇ denotes distributional gradient with respect to the spacial variables,
equipped with the norm
‖f‖Lp(0,T ;W 1,p
(ω1,ω2)
(Ω)) :=
(∫ T
0
‖f‖p
Lpω1(Ω)
dt
) 1
p
+
(∫ T
0
‖∇f‖p
(Lpω2(Ω))
Ndt
) 1
p
.
Dual spaces
Let us stress that
(Lpω(Ω))
∗ 6= Lp
′
ω (Ω), but (L
p
ω(Ω))
∗ = Lp
′
ω′(Ω)
with ω′ given by (6).
By W−1,p
′
(ω′1,ω
′
2)
(Ω) we denote the dual space to W 1,p(ω1,ω2),0(Ω) and the duality
pairing is given by the standard scalar product. We note that
Lp
′
(0, T ;W−1,p
′
(ω′1,ω
′
2)
(Ω)) is the dual space to Lp(0, T ;W 1,p(ω1,ω2),0(Ω)).
2.3 Comments on admissible weights
Let us present the reasons for which we assume the conditions (W1)-(W6).
Condition (W1) is a general assumption fixing the setting of Lpω1(Ω) and
W
1,p
(ω1,ω2)
(Ω). To ensure that the weighted Sobolev space W 1,p(ω1,ω2)(Ω) is a
Banach space, we need to assume ω1 ∈ Bp(Ω), cf. (7). However, it is necessary
to assume a stronger condition ω
− 2
p−2
1 ∈ L
1
loc(Ω), to obtain the embbedding
L
p
ω1,loc
(Ω) ⊂ Lp
′
ω′1,loc
(Ω)
and (W2), namely ω
− 2
p−2
1 ∈ L
1(Ω), to ensure
W
1,p
(ω1,ω2),0
(Ω) ⊂ L2(Ω).
Condition (W3) guarantees strict monotonicity of the operator. Moreover, it
implies that ω2 ∈ Bp(Ω), cf. (7), which is necessary to ensure thatW
1,p
(ω1,ω2)
(Ω)
is a Banach space.
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We need (ω1, ω2) to be a pair of weights in the Hardy inequality (W4),
to get Fact 2.1 (iii). We shall stress that there are multiple methods of
deriving weights admissible in the Hardy inequalities having the form (3).
In particular, the results of the first author [23, Theorem 4.1] show that the
weights may be generated by nonnegative solutions to the elliptic problem
and the regularity conditions imposed on the weights are in fact expected
regularity properties of the solutions.
Condition (W5), namely a compact embedding W 1,p(ω1,ω2),0(U) ⊂⊂ L
s
ω1(U)
for any U ⊂⊂ Ω, is necessary for the compactness method of Boccardo and
Murat [8]. To obtain (W5) the result by Franchi, Serapioni and Serra Cas-
sano [17, Theorem 3.4] can be applied. If one is equipped with another con-
tinuous embedding of the weighted Sobolev space into the weighted Lebesgue
space, they may apply the results by Opic and Kufner [21, Sections 17 and
18] to obtain compact embedding on domains similar to John domains. In
particular, the authors provide the Muckenhoupt-type conditions for radial
weights on an outer domain sufficient for compactness of the required embed-
ding. In the approach of [17] the condition is also of the Muckenhoupt-type
and the crucial issue is geometry of the boundary. For other ideas on com-
pact embeddings in weighted Sobolev spaces we refer to [2, Proposition 2.1]
by Anh and Ke.
In the end we assume the technical integrability condition (W6). Note
that ω
−q/(s−q)
1 ∈ L
1
loc(Ω) may follow from (W2). It depends on the possible
values of exponents s and q. Notice its consequence in (12).
We have the following consequences of the assumptions on embeddings.
Remark 2.2. If Ω is bounded, 2 ≤ p < ∞ and ω1, ω2 satisfy (W1)-(W4),
then
W
1,p
(ω1,ω2)
(Ω) ⊂ Lp
′
ω′1
(Ω) = (Lpω1(Ω))
∗ ⊂ (W 1,p(ω1,ω2),0(Ω))
∗ =W−1,p
′
(ω′1,ω
′
2)
(Ω).
and
Lp(0, T ;W 1,p(ω1,ω2)(Ω)) ⊂ L
p(0, T ;Lp
′
ω′1
(Ω)) ⊂ Lp
′
(0, T ;W−1,p
′
(ω′1,ω
′
2)
(Ω)).
Remark 2.3. If Ω is bounded, 2 < p < s and ω1, ω2 satisfy (W1)-(W5),
then
W
1,p
(ω1,ω2)
(Ω) ⊂⊂ Lsω1(Ω) ⊂ L
p′
ω′1
(Ω) ⊂W−1,p
′
(ω′1,ω
′
2)
(Ω). (10)
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Furthermore,
W
1,p
(ω1,ω2),0
(Ω) ⊂⊂ L2(Ω)
and
Lp(0, T ;W 1,p(ω1,ω2),0(Ω)) ⊂ L
2(0, T ;L2(Ω)) = L2(ΩT ). (11)
Moreover, if additionally we have (W6), then
Lsω1,loc(Ω) ⊂ L
q
loc(Ω) for q ∈ (p, s). (12)
3 Auxiliary results
This section concerns necessary compactness properties and recalls the result
on existence to the problem with a bounded weight on the right-hand side.
We need the following version of [8, Lemma 4.2] adjusted to the weighted
setting.
Proposition 3.1. Suppose 2 < p < ∞ and ω1, ω2 satisfy (W1)-(W5). As-
sume further that
(um)t = hm in D
′(Ω), (13)
where hm — bounded in L
p′(0, T ;W−1,p
′
(ω1,ω2)
(U)) and um −−−⇀
m→∞
u
in Lp(0, T ;W 1,p(ω1,ω2),0(Ω)).
Then
(a) um −−−→
m→∞
u strongly in Lp(0, T ;Lsω1(U));
(b) um −−−→
m→∞
u a.e. in ΩT (up to a subsequence).
Proof. Let us consider a function φ(x, t) = ψ(x)η(t), where ψ ∈ D(Ω) and
η ∈ D(0, T ), and set vm = φum. For any bounded open subset U , such that
suppφ ⊂ U ⊂ Ω, we have
(vm)t = (φum)t = φ(um)t + φtum = φhm + φtum.
Then vm is bounded in L
p(0, T ;W 1,p(ω1,ω2)(U)) and, due to (13), (vm)t is
bounded in Lp
′
(0, T ;W−1,p
′
(ω′1,ω
′
2)
(Ω)). We are going to apply the Aubin–Lions
Lemma (Theorem 5). Let us note that if p > 2, then (W5) and (10) gives
W
1,p
(ω1,ω2),0
(U) ⊂⊂ Lsω1(U) ⊂W
−1,p′
(ω′1,ω
′
2)
(Ω).
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Therefore vm is relatively compact in L
p(0, T ;Lsω1(U)).
Moreover, since we know (11), strong convergence in Lebesgue’s space
implies convergence almost everywhere.
For the convenience of the reader, we provide the following extension of [9,
Lemma 5] with the proof.
Proposition 3.2. Let U be a bounded open subset in RN , UT := U × (0, T ),
2 < p < ∞ and ω1, ω2 satisfy (W1)-(W4). Assume that νm ⇀ ν weakly
in Lp(0, T ;W 1,p(ω1,ω2),0(U)) and a.e. in UT , and∫
UT
ω2
[
|∇νm|
p−2∇νm − |∇ν|
p−2∇ν
]
∇(νm − ν) dx dt→ 0. (14)
Then ∇νm → ∇ν strongly in L
p(0, T ; (Lpω2(U))
N ), when m→∞.
Proof. Let Dm be defined by
Dm(x) =
[
|∇νm|
p−2∇νm − |∇ν|
p−2∇ν
]
∇(νm − ν).
By the monotonicity of ∆ω2p we note that ω2(x)Dm ≥ 0. Since (14), observe
that Dm → 0 in L
1(0, T ;L1ω2(U)) strongly. Thus, up to a subsequence Dm →
0 a.e. in UT . Recall UT is bounded. Suppose X ⊂ U is a maximal set of full
Lebesgue’s measure (and therefore of full ω2-measure), where for each x ∈ X
we have
|ν(x)| <∞, |∇ν(x)| <∞, νm(x)→ ν(x), Dm(x)→ 0.
Clearly ω2|∇νm|
p ≥ 0 and 0 ≤ Dm(x). Moreover,
Dm(x) = |∇νm|
p + |∇ν|p − |∇νm|
p−2∇νm∇ν − |∇ν|
p∇ν∇νm ≥
≥ |∇νm|
p − c(x)
(
|∇νm|
p−1 + |∇νm|
)
,
with c(x) dependent on X , but not on m. As Dm(x) → 0, we infer that
|∇νm| is uniformly bounded on X .
Let us take arbitrary x0 ∈ X and denote
ζm = ∇νm(x0), ζ = ∇ν(x0).
Observe that ω2(x0) > 0 and (ζm) is a bounded sequence. Set ζ∗ as one of its
cluster points. Recall Dm(x0)→ 0 and note that
Dm(x0)→ (|ζ∗|
p−2ζ∗ − |ζ |
p−2ζ)(ζ∗ − ζ).
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Thus, ζ = ζ∗ is a unique cluster point of whole the sequence and ∇νm(x0)→
∇ν(x0) for arbitrary x0 ∈ X . Then
ω2|∇νm|
p → ω2|∇ν|
p in X.
It implies uniform integrability of the sequence |∇um|
p in L1ω2(X), which
implies uniform integrability in L1ω2(U).
Therefore, Vitali’s Convergence Theorem (Theorem 3) yields that∫
U
ω2 (|∇νm|
p − |∇ν|p) dx→ 0 for m→∞
and the claim follows.
We use also the following modification of [8, Theorem 4.1].
Proposition 3.3. Assume 2 < p <∞, ω1, ω2 satisfy (W1)-(W6). Suppose
(um)t −∆
ω2
p (um) = gm in D
′(Ω), (15)
and gm → g in L
p′(0, T ;W−1,p
′
(ω′1,ω
′
2)
(Ω)) and um −⇀ u in L
p(0, T ;W 1,p(ω1,ω2),0(Ω)),
when m→∞.
Then, for any fixed k > 0, we have the strong convergence of the gradients
∇Tk(um) −−−→
m→∞
∇Tk(u) in L
p
(
0, T ; (Lpω2(U))
N
)
. (16)
Proof. To get the strong convergence of the gradients it suffices to prove that
Em :=
∫
ΩT
φKω2
[
|∇Tk(um)|
p−2∇Tk(um)− |∇Tk(u)|
p−2∇Tk(u)
]
·
·[∇Tk(um)−∇Tk(u)]dxdt −−−→
m→∞
0
(17)
Indeed, due to weak convergence um −⇀ u in L
p(0, T ;W 1,p(ω1,ω2),0(Ω)) we can
apply Proposition 3.1 get um −⇀ u a.e. in ΩT . Then Proposition 3.2 for
ν = Tk(u) and νm = Tk(um) will give (16).
To get (17) we write
Em =−
∫
ΩT
φKω2|∇um|
p−2∇um[∇Tk(um)−∇Tk(u)]χ{um>k}dxdt+
−
∫
ΩT
φKω2|∇Tk(u)|
p−2∇Tk(u)[∇Tk(um)−∇Tk(u)]dxdt =
+
∫
K
φKω2|∇um|
p−2∇um[∇Tk(um)−∇Tk(u)]dxdt =
=Em1 + E
m
2 + E
m
3 ,
(18)
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where we will show that each of Em1 , E
m
2 , E
m
3 converges to zero when m→∞.
Since ∇Tk(um)χ{um>k} = 0, we have
Em1 =
∫
ΩT
φKω2|∇um|
p−2∇um∇Tk(u)χ{um>k}dxdt,
where |∇um| is bounded in L
p(0, T ; (Lpω2(Ω))
N ) and for m → ∞ we
have ∇Tk(u)χ{um>k} → ∇Tk(u)χ{u>k} strongly in L
p(0, T ;Lpω2(U))
N). Then
the Monotone Convergence Theorem and fact that um is nondecreasing give
the point. Em2 converges to zero, because
Tk(um)− Tk(u) −−−⇀
m→∞
0 weakly in Lp(0, T ;W 1,p(ω1,ω2)(Ω)).
Therefore, it suffices to prove that Em3 → 0 when m → ∞. Let us
concentrate on (15) tested by a proper choice of test function. We define
Sk(s) =
∫ s
0
Tk(r) dr, where Tk is given by (5). Then for any φ ∈ D(ΩT ) and
any ζ ∈ Lp(0, T ;W 1,p(ω1,ω2)(Ω)) such that ζt ∈ L
p′(0, T ;W−1,p
′
(ω1,ω2)
(Ω)) we have
∫
ΩT
ζtφTk(ζ)dxdt = −
∫
ΩT
φt Sk(ζ)dxdt.
We fix arbitrary compact sets K ⊂ ΩT and U ⊂ Ω, such that K ⊂ (0, T )×
U ⊂ ΩT and take an arbitrary function φK ∈ D(ΩT ) with supp φK ⊂ K ⊂⊂
ΩT , such that 0 ≤ φK ≤ 1 with φK = 1 on K. Then we test (15) by
wm = (Tk(um)− Tk(u))φK
getting
0 =
∫
ΩT
(um)tφK [Tk(um)− Tk(u)] dxdt
+
∫
ΩT
φKω2|∇um|
p−2∇um[∇Tk(um)−∇Tk(u)]dxdt
+
∫
ΩT
ω2|∇um|
p−2∇um[Tk(um)− Tk(u)]∇φKdxdt
−
∫
ΩT
gm[Tk(um)− Tk(u)]φKdxdt
= Jm1 + J
m
2 + J
m
3 + J
m
4 ,
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where we show that limm→∞(J
m
1 + J
m
3 + J
m
4 ) = 0. Then the convergence
of Jm2 to zero follows and implies E
m
3 → 0.
We deal with Jm1 and J
m
4 in the similar way. We note that either se-
quence ((um)t)m or (gm)m are bounded sequences in L
p′(0, T ;W−1,p
′
(ω′1,ω
′
2)
(Ω)).
Therefore, Proposition 3.1 implies that up to a subsequence
Tk(um)− Tk(u) −−−→
m→∞
0 strongly in Lp(0, T ;Lpω1,loc(Ω)),
as we have (W5) and (8). Then Jm1 , J
m
4 → 0 as m → ∞. As for J
m
3 , we
apply the Ho¨lder inequality, to get
Jm3 =
∫
ΩT
ω2|∇um|
p−2∇um[Tk(um)− Tk(u)]∇φKdxdt
=
∫
UT
ω2|∇um|
p−2∇um[Tk(um)− Tk(u)]∇φKdxdt
≤ const
[∫ T
0
(∫
U
[Tk(um)− Tk(u)]
qdx
) p
q
dt
] 1
p
·
·
[∫ T
0
∫
U
ω2|∇um|
pdx dt
] p−1
p
(∫
U
ω
q
q−p
2 dx
) q−p
qp
,
where cH > 0, U ⊂⊂ Ω such that suppφK ⊂ (0, T ) × U , and q comes from
(W6). Then
Jm3 −−−→
m→∞
0. (19)
Indeed, by Proposition 3.1 we obtain Tk(um) − Tk(u) → 0 strongly
in Lp(0, T ;Lsω1(U)). Notice that (W6) ensures that there exists q such that
Lp(0, T ;Lsω1(U)) ⊂ L
p(0, T ;Lq(U)).
Moreover, the weak convergence of (um) in L
p(0, T ;W 1,p(ω1,ω2),0(Ω)) im-
plies its uniform boundedness in this space (up to a subsequence), thus∫
UT
ω2|∇um|
pdxdt < C, with a constant C independent of m. Finally,∫
U
ω
q
q−p
2 dx <∞ due to (W6). Therefore, we have (19).
As Jm1 + J
m
2 + J
m
3 + J
m
4 = 0 and limm→∞(J
m
1 + J
m
3 + J
m
4 ) = 0, then also
Jm2 =
∫
ΩT
φKω2|∇um|
p−2∇um[∇Tk(um)−∇Tk(u)]dxdt −−−→
m→∞
0. (20)
Therefore, in (18) we have Em3 → 0 and, hence, (17) and (16), which ends
the proof.
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Existence of the solution to the truncated problem is a consequence of the
following result.
Theorem 2 ([24, Theorem 3.1]). Let 2 < p <∞, Ω ⊆ RN be an open subset,
f ∈ L2(Ω) and ω1, ω2 satisfy (W1)-(W5).
There exists λ0 = λ0(p,N, ω1, ω2) > 0, such that for all λ ∈ (0, λ0) the
parabolic problem

ut −∆
ω2
p u = λW (x)|u|
p−2u x ∈ Ω,
u(x, 0) = f(x) x ∈ Ω,
u(x, t) = 0 x ∈ ∂Ω, t > 0,
where W : Ω→ R+ is such that
W (x) ≤ min{m,ω1(x)}
with a certain m ∈ R+, has a global weak solution u ∈ L
p(0, T ;W 1,p(ω1,ω2),0(Ω)),
such that ut ∈ L
p′(0, T ;W−1,p
′
(ω′1,ω
′
2)
(Ω)), i.e.∫
ΩT
(
utξ + ω2|∇u|
p−2∇u∇ξ + λW (x)|u|p−2uξ
)
dx dt = 0,
holds for each ξ ∈ Lp(0, T ;W 1,p(ω1,ω2),0(Ω)). Moreover, u ∈ L
∞(0, T ;L2(ΩT )).
Remark 3.1. In our previous paper [24] another embedding result was used,
namely [2, Proposition 2.1]. It can be easily checked that the proof therein
holds true as well, when we assume (W5) instead of that one.
4 Proof of the main result
The main idea of the proof is to consider a truncated problem
(um)t −∆
ω2
p um = λTm(ω1)|um|
p−2um,
where Tm is the truncation defined in (5), and then pass to the limit with
m→∞ using the auxiliary compactness results of the previous section.
Proof of Theorem 1. We consider um — the solution to the truncated prob-
lem 

wt −∆
ω2
p w = λTm(ω1)|w|
p−2w x ∈ Ω
w(x, 0) = f(x) x ∈ Ω
w(x, t) = 0 x ∈ ∂Ω, t > 0,
(21)
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where Tm is given by (5). Due to Theorem 2 there exists a solution um to
the problem (21) such that
um ∈ L
p(0, T ;W 1,p(ω1,ω2),0(Ω))∩L
∞(0, T ;L2(Ω)), (um)t ∈ L
p′(0, T ;W−1,p
′
(ω1,ω2)
(Ω)).
A priori estimate. To pass to the limit with m→∞, we need to obtain
a priori estimate. In order to get it, we test the problem (21) by um getting
1
2
d
dt
‖um‖
2
L2(Ω) +
∫
Ω
ω2|∇um|
pdx = λ
∫
Ω
Tm(ω1)|um|
p dx ≤
≤ λ
∫
Ω
ω1|um|
p dx ≤
λ
K
∫
Ω
ω2|∇um|
pdx,
where the last inequality is allowed due to the Hardy inequality (3). Note that
the density of Lipschitz and compactly supported functions in W 1,p(ω1,ω2),0(Ω))
is given by Fact 2.1. Therefore,
1
2
d
dt
‖um‖
2
L2(Ω) +
(
1−
λ
K
)∫
Ω
ω2|∇um|
pdx ≤ 0.
Note that ∫ T
0
d
dt
‖um‖
2
L2(Ω)dt = ‖um(·, T )‖
2
L2(Ω) − ‖f‖
2
L2(Ω).
Summing up, we obtain
1
2
‖um(·, T )‖
2
L2(Ω) +
(
1−
λ
K
)∫ T
0
‖∇um(·, t)‖
p
Lpω2(Ω)
dt ≤
1
2
‖f‖2L2(Ω). (22)
Convergence. In particular, the above a priori estimate implies
• (um)m∈N is bounded in L
∞(0, T ;L2(Ω));
• (um)m∈N is bounded in L
p(0, T ;W 1,p(ω1,ω2),0(Ω)).
Thus, there exists a function u ∈ Lp(0, T ;W 1,p(ω1,ω2),0(Ω)) ∩ L
∞(0, T ;L2(Ω))
with ut ∈ L
p′(0, T ;W−1,p
′
(ω1,ω2)
(Ω)), such that and up to a subsequence, we have
um
∗
−−−⇀
m→∞
u in L∞(0, T ;L2(Ω)), (23)
um −−−⇀
m→∞
u in Lp(0, T ;W 1,p(ω1,ω2),0(Ω)).
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We know that for each ξ ∈ Lp(0, T ;W 1,p(ω1,ω2),0(Ω)) the following equality
holds∫
ΩT
(
(um)tξ + ω2|∇um|
p−2∇um∇ξ + λTm(ω1)|um|
p−2umξ
)
dx dt = 0. (24)
Identification of the limit function u. We have to show that the limit
function u from (23) is the weak solution to (4), i.e.∫
ΩT
(
utξ + ω2|∇u|
p−2∇u∇ξ + λω1|u|
p−2uξ
)
dx dt = 0 (25)
holds for each ξ ∈ Lp(0, T ;W 1,p(ω1,ω2),0(Ω)).
Let us note that the integral above is well–defined within this class, in
particular Lp(0, T ;W 1,p(ω1,ω2),0(Ω)) ⊂ L
2(ΩT ). The weak convergence of gradi-
ents is not enough to pass to the limit with
∫
QT
ω2|∇um|
p−2∇um∇ξ. Thus,
the first step is to get strong convergence of gradients. We follow the spirit
of Boccardo and Murat to obtain a strong convergence of the gradients of
trucations and apply it in (24) splitted into
0 =
∫
ΩT
(um)tξdx dt+
∫
ΩT∩{|um|≤k}
ω2|∇um|
p−2∇um∇ξdx dt+
+
∫
ΩT∩{|um|>k}
ω2|∇um|
p−2∇um∇ξdx dt+
∫
ΩT
λTm(ω1)|um|
p−2umξdx dt
= Am1 + A
k,m
2 + A
k,m
3 + A
m
4 ,
(26)
where we prove that Am1 , A
k,m
2 , A
m
4 converges to the desired quantities to
retrieve (25) in the limit, whereas Ak,m3 → 0.
The convergence of
Am1 −−−→
m→∞
∫
ΩT
utξ dxdt (27)
can be obtained by integrating by parts and by the Lebesgue’s Monotone
Convergence Theorem since (um)m is a nondecreasing sequence.
Our aim now is to show that
lim sup
k→∞
lim
m→∞
A
k,m
2 =
∫
ΩT
ω2|∇u|
p−2∇u∇ξdx dt. (28)
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For this we use Proposition 3.3 implying
∇Tk(um) −−−→
m→∞
∇Tk(u) in L
p
(
0, T ; (Lpω2(U))
N
)
.
Its assumptions are satisfied, because besides the weak convergence of func-
tions, we have
gm = λω1|um|
p−2um −−−→
m→∞
λω1|u|
p−2u = g (29)
in Lp
′
(0, T ;W−1,p
′
(ω′1,ω
′
2)
(Ω)). To justify this we apply the Aubin–Lions Lemma
(Theorem 4). Since we assume (W5) and we know (10), we have
W
1,p
(ω1,ω2),0
(U) ⊂⊂ Lpω1(U) ⊂W
−1,p′
(ω′1,ω
′
2)
(Ω).
Then we infer that um → u strongly in L
p(0, T ;Lpω1(U)). Strongly convergent
sequence has a subsequence convergent almost everywhere. If it is necessary,
we pass to such subsequence, but we do not change the notation. Note that
‖gm‖
p′
Lp′(0,T ;Lp
′
ω′1
(Ω))
= λ
∫
ΩT
ω′1
∣∣ω1|um|p−1∣∣ pp−1 dxdt =
= λ
∫
ΩT
ω
− 1
p−1
1 ω
p
p−1
1 |um|
pdxdt = λ
∫
ΩT
ω1|um|
pdxdt <∞
and thus
gm ∈ L
p′(0, T ;Lp
′
ω′1
(U)) ⊂ Lp
′
(0, T ;W−1,p
′
(ω′1,ω
′
2)
(Ω)).
According to the Brezis–Lieb Lemma (Corollary 4.1) the strong convergence
of um → u in L
p(0, T ;Lpω1(U)) implies the strong convergence
ω1|um|
p−2um → ω1|u|
p−2u in Lp
′
(0, T ;Lp
′
ω′1
(U)),
which entails strong convergence gm → g in L
p′(0, T ;Lp
′
(0, T ;Lp
′
ω′1
(U)) and
in turn also (29). This finishes the case of limm→∞A
m
2 . Limit when k →
∞ results from the Lebesgue Monotone Convergence Theorem and a priori
estimate (22).
To pass to the limit
lim sup
k→∞
lim sup
m→∞
A
k,m
3 = 0. (30)
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we notice first that the Ho¨lder inequality implies that Am3 ≤ s(k), with
a certain constant s depending on k. Indeed,
Am3 =
∫
ΩT∩{|um|>k}
ω2|∇um|
p−2∇um∇ξdx dt ≤
≤
(∫
ΩT∩{|um|>k}
ω2|∇um|
pdx dt
) p−1
p
(∫
ΩT∩{|um|>k}
ω2|∇ξ|
pdx dt
) 1
p
≤ const
(∫
ΩT∩{|u|>k}
ω2|∇ξ|
pdx dt
) 1
p
= s(k).
Note that the integral on the right–hand side above is finite even for k = 0 and
that the sequence (um) is nondecreasing (and thus {|um| > k} ⊂ {|u| > k}).
Moreover, s(k)→ 0 when k →∞. Thus, we have (30).
To complete the analysis of (26) we need to show the limit of Am4 , namely
lim sup
k→∞
lim sup
m→∞
Am4 =
∫
ΩT
λω1|u|
p−2uξdx dt. (31)
We have
Am4 −
∫
ΩT
ω1|u|
p−2uξdx dt =
=
∫
ΩT
Tm(ω1)|um|
p−2umξdx dt−
∫
ΩT
ω1|u|
p−2uξdx dt =
=
∫
ΩT
(Tm(ω1)− ω1)|um|
p−2umξdx dt
+
∫
ΩT
(|um|
p−2um − |u|
p−2u)ω1ξdx dt =
=Bm1 +B
m
2 ,
where we show that both Bm1 and B
m
2 tend to zero with m→∞.
To deal with Bm1 we recall that (|um|
p−2um)m is bounded
in Lp
′
(0, T ;W−1,p
′
(ω′1,ω
′
2)
(Ω)) (cf. the case of Am2 ), while Tm(ω1) ր ω1, so
the Lebesgue Monotone Convergence Theorem implies Bm1 → 0 as m→∞.
Let us concentrate on Bm2 . We have
|Bm2 | ≤
(∫
ΩT
∣∣|um|p−2um − |u|p−2u∣∣ pp−1 ω1dxdt
) p−1
p
(∫
ΩT
ω1|ξ|
pdx dt
) 1
p
.
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We employ the Brezis–Lieb Lemma (Corollary 4.1) to get
ω1|um|
p−2um → ω1|u|
p−2um in L
p′(0, T ;Lp
′
(U)),
leading to
|um|
p−2um → |u|
p−2um in L
p′(0, T ;Lp
′
ω1
(U)).
which implies that Bm2 → 0 as m→∞.
When we pass to the limit in (26) according to (27), (28), (30), and (31),
we get (25) and, thus, we conclude that u is the desired weak solution.
Appendix
For the sake of completeness we recall the general analytic tools necessary
in our approach.
Theorem 3 (The Vitali Convergence Theorem). Let (X, µ) be a positive
measure space. If µ(X) < ∞, {fn} is uniformly integrable, fn(x) → f(x)
a.e. and |f(x)| <∞ a.e. in X, then f ∈ L1µ(X) and fn(x)→ f(x) in L
1
µ(X).
For the Aubin–Lions Lemmas we refer e.g. to [22].
Theorem 4 (The Aubin Lions Lemma 1). Suppose 1 < p <∞, X,B, Y are
the Banach spaces, X ⊂⊂ B ⊂ Y , F is bounded in Lp(0, T ;X) and relatively
compact in Lp(0, T ; Y ) then F is relatively compact in Lp(0, T ;B).
Theorem 5 (The Aubin Lions Lemma 2). Suppose 1 ≤ p < ∞, X,B, Y
are the Banach spaces, X ⊂⊂ B ⊂ Y . If F is bounded in Lp(0, T ;X)
and dF
dt
is bounded in Lr(0, T ; Y ), where r > 1, then F is relatively compact
in Lp(0, T ;B).
For the Brezis Lieb Lemma we refer to [13].
Theorem 6 (The Brezis Lieb Lemma). Suppose Ω ⊂ RN , 1 ≤ p < ∞, and
µ ≥ 0 is a Radon measure. If fn → f a.e. in Ω and (fn)n is bounded in
Lpµ(Ω), then the following limit exists
lim
n→∞
(
‖fn‖
p
Lpµ(Ω)
− ‖f − fn‖
p
Lpµ(Ω)
)
= ‖f‖p
Lpµ(Ω)
and the equality holds.
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We have the following corollary of the above theorem.
Corollary 4.1. Suppose Ω ⊂ RN , 1 ≤ p < ∞, and ω1 : Ω → R ∪ {0} is
measurable. If um → u strongly in L
p(0, T ;Lpω1(Ω)), then
ω1|um|
p−2um → ω1|u|
p−2u strongly in Lp
′
(0, T ;Lp
′
ω′1
(Ω)).
Proof. If um → u strongly in L
p(0, T ;Lpω1(Ω)) and a.e. in Ω, then Theorem 6
yields that ∫
ΩT
ω1|um|
p dx dt→
∫
ΩT
ω1|u|
p dx dt.
Equivalently,∫
ΩT
ω1
∣∣|um|p−2um∣∣ pp−1 dx dt→
∫
ΩT
ω1
∣∣|u|p−2u∣∣ pp−1 dx dt,
which, once again by Theorem 6, implies
|um|
p−2um → |u|
p−2u strongly in Lp
′
(0, T ;Lp
′
ω1
(Ω)).
When we observe that∫
ΩT
ω1
(
|um|
p−1 − |u|p−1
) p
p−1 dx dt
=
∫
ΩT
ω′1
(
ω1|um|
p−1 − ω1|u|
p−1
) p
p−1 dx dt,
we conclude that
ω1|um|
p−2um → ω1|u|
p−2u strongly in Lp
′
(0, T ;Lp
′
ω′1
(Ω)).
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